Abstract. The unstable manifold of a saddle point of the Htnon mapping is constructed analytically via a contraction mapping, for a range of parameter values where the second fixed point is a stable node. One invariant piece of this manifold connects the saddle with the second fixed point. Rigorous error bounds are derived for the each step of the iterative procedure. It is demonstrated that an algebraic approximation with known accuracy can be given of the unstable manifold.
Introduction
The dissipative Hinon mapping (Hinon 1976) in the form discussed by Helleman ( 1983) f ( x ) = 2 c x + 2 x 2 , has two fixed points, one at the origin 0 and a second one at a point A. One invariant manifold, connecting both fixed points, is constructed for 0 < B < 1 and such C values that the origin is an attractor with real positive eigenvalues and that A is a saddle in the right upper half plane. Every point on this manifold, except A, approaches the origin monotonically under repeated application of the mapping. A second invariant manifold is constructed joining up smoothly with the first one at A. All points of that second manifold move monotonically away from A to infinity. Both manifolds together constitute the complete unstable manifold of A.
The main idea of the construction of the first manifold is to obtain for a suitable initial curve rb, connecting 0 and A, a convergent sequence of curves H T b , where H denotes the HCnon mapping. The limiting curve, rl, satisfies rl = HTI. To study the convergence these curves are represented as elements of a metric function space and correspondingly, a nonlinear operator representing H, is defined on this space. This operator is contractive on a subspace 9' and the solution of its fixed point equation yields rl. The solution is constructed in the usual way, i.e. by repeatedly applying the operator to some arbitrary element in 9'. With the aid of the contractive property the accuracy at each step is determined. The second invariant manifold, Tz, is constructed in a similar way. The contraction mapping principle was used to prove the existence of invariant manifolds locally (Nitecki 1971 , Lanford 1983 . Due to the above described restriction of the parameter values the contraction property can be formulated in such a way that the present global results are obtained. Evaluating h ( y ) (cf (2.6)) one finds, with expression (3.1) for A, 
A functional fixed point equation for the invariant manifold
(2.12) with a distance between two elements
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Note that the extra condition g'> 0 in (2.1 1) keeps S2 from being a linear space. Since
, (2.10) and figure 1) and since B is non-negative by assumption, T maps F2 into itself. Statement (iii) above follows algebraically from the identity y = y ( y -' ( y ) ) , which yields (cf (2.5))
After differentiation one obtains which leads to (iii) if llgll < 1.
Existence of the invariant manifold
(2.14)
Regions in the parameter plane are determined in this section for which the operator T in each case is a contraction. This guarantees unique solutions of the fixed point The characteristic multipliers in each case are
respectively. We confine ourselves to
The latter inequality implies that A is a saddle point (cf 3.2)). The range of parameter values for which TI is a contraction mapping is given by (cf figure 2) Figure 2. The origin is stable for parameter values in the triangle. Lemma 1 applies forthe shaded area. Figure 3 . Construction of R , and R-(cf (3.14) and (3.15)). The curve is the graph of the left-hand side of (3.14).
Lemma 1. For any pair { B , C} satisfying (3.3) and
there exists an R, O < R < 1, and a 8, O < 8 < 1, such that
II T1glI s R 9 g e 9 1 9 llsll S R, /I T1u -TI 011 s Ollu -UII, U, 0 E 9 1 , Ilull, II 011 s R.
(3.4)
The proof is given at the end of this section. There appears to be some freedom in the actual choice of R, and of the corresponding value of 8. One possibility is R = l -C ,
For an interpretation of the restrictions (3.4), see the remark at the end of 5 4.
Analogously we have, for the domain A S y s 0, the following lemma. Remark. The accuracy with which T"gb approximates the limit is determined easily. Consider the first case. With the aid of (3.5ii) one obtains ( 8 , denotes a solution)
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Ilgbll C R , ( 3 . 1 0~) whence, with (2.9) and the inequality S U P O~~~A ( g ( y ) l A S U P O~~~A Ig'(y)l
In the second case similar error bounds could be derived.
Proof of lemma 1. Differentiation of (2.6) yields using (2.14) (3.10b) (3.1 1 ) (3.12)
and as a result where Ilhll = 2A (cf (2.10)). To satisfy (3.5) it is sufficient to have an R such that
As E > 0 the left-hand side is an increasing function of llgll and (3.13) is satisfied for any R with
(3.14)
Solving this equation for the equality, one finds either two real roots in the interval [0, 13, or none, cf figure 3. Equation (3.13) is satisfied only in the first case with R lying between the two roots. From (3.14) one obtains the roots trivially R,= 1 -C * ( C 2 -8 ) " * .
(3.15)
The inequalities (3.4) guarantee that both R, and R-are in [O, I]. To prove (3.5ii) one infers from (3.1 1) (3.16)
which is smaller than unity due to (3.4). This proves (3Sii). Actually one can show that E / ( 1 -R)2 < 1 for any R between R-and R,.
Discussion
The invariant manifold considered is shown to be the complete unstable manifold of the saddle. Some characteristic features of its shape are determined. It is pointed out how to use the present method to find an algebraic approximation with known accuracy of the manifold.
The assumptions on r in § 2 yield the inequalities
The second inequality holds by definition, cf (2.11). In order to prove the first one recall that the restriction of H to r is represented by the one-dimensional map y* = y(y).
Consequently, since the origin is attracting, the inequality holds for y in an interval (0, E ) . The mapping having only two fixed points, the only solution of y = y(y) are y = O and y = A. Hence ( 4 . 1~) follows. These inequalities show that all points on r0 move away monotonically from A under repeated application of the mapping. Therefore r0, is the unstable manifold of A.
Using these results and the construction method The inequalities (4.1) are equivalent with g , < 0 and g z > 0 respectively, cf (2.5). Hence gI > 0 and gZ<O, cf figure 1. Properties (ii) and (iii) then follow from (2.6) and (2.10).
In order to prove (iv) note that H depends analytically on x and y. Thus the unstable manifold r0 is smooth. The same holds for y and one is allowed to differentiate (2.4) twice to obtain (4.6)
The equation pn(xn, yn) = 0 has no unique solution. One branch of the solution however, does give an approximation of y, i.e. x, = y, (y,) . Generally an explicit expression for y , cannot be found. It can be solved numerically, however. From (3.10) one sees that y , approximates y to an accuracy better than
Remark. Finally, consider the restrictions (3.4). These are not only sufficient for the present results but also necessary. First, when B > C2, the characteristic multipliers of the origin are complex, and an invariant manifold that connects A and 0 spirals around 0. Second, if C < 0 and B < C2, the multipliers at 0 are negative. As a result an invariant manifold must have negative slope at 0, which is in contradiction with the a priori assumption (2.1). In order to apply a contraction mapping principle to those cases as well, the invariant manifold should be given a parametrisation different from the present one (cf Francescini and Russo 1981) . Work in this direction is in progress.
